Abstract: In this paper, we discuss anisotropic submanifolds and isoparametric hypersurfaces in a Finsler space form. By the theory of focal sunmanifolds, we obtain the Cartan type formula of isoparametric hypersurfaces and prove that their focal submanifolds are anisotropic-minimal in a Finsler space form with vanishing reversible torsion. Moreover, we find any Randers space form with vanishing S-curvature has also vanishing reversible torsion.
Introduction
In Riemannian geometry, the study on isoparametric hypersurfaces has a long history. Since 1938, E.Cartan began to study the isoparametric hypersurfaces in real space forms with constant sectional curvature c systematically. One of excellent works Cartan did is that he proved if k 1 , k 2 , · · · , k g are the all distinct principal curvatures, then they satisfy the following formula
where m i is the multiplicity of k i . (1.1) is know as Cartan formula. The classification of isoparametric hypersurfaces in space forms is a classical geometric problem with a history of almost one hundred years. Those in Euclidean and hyperbolic spaces were classified in 1930's [1] [2] [3] , for the most difficult case, those in a unit sphere, was recently completely solved [4] . The theory of focal points, tubes and parallel hypersurfaces in real space forms have been discussed in [5] . It is a natural idea to generalize these theories to Finsler geometry. In Finsler geometry, the conception of isoparametric hypersurfaces has been introduced in [6] . Let (N, F, dµ) be an n-dimensional Finsler manifold with volume form dµ. A function f on (N, F, dµ) is said to be isoparametric if there are two functionsã(t) andb(t) such that F (∇f ) =ã(f ), ∆f =b(f ).
( 1.2) where ∇f denotes the gradient of f , which is defined by means of the Legendre transformation, and ∆f is the nonlinear Finsler-Laplacian with respect to dµ.
The flag curvature of a Finsler manifold is a natural generalization of the sectional curvature in Riemannian geometry. The complete simply connected Finsler manifold with constant flag curvature is called a Finsler space form. Studing and classifying isoparametric hypersurfaces in Finsler space forms are interesting problems naturally generalized from Riemannian geometry. But unlike the Riemannian geometry, there are infinitely many Finsler space forms, which are not isometric or even are not homothetic each other, and they are far from being fully classified. We know very few about Finsler space forms except some special cases. Even for these known Finsler space forms with non-zero flag curvature, they may be very complicated, like the examples R. Bryant constructed on spheres [7] and in general, they cannot been isometric immersed in to a Minkowski space like Riemannian space forms. So, the classification of isoparametric hypersurfaces in Finsler space forms is a arduous and complex task, and many of the research methods in Riemannian geometry are no longer applicable.
In [6] and [8] , we considered two special cases of Finsler space forms for the ambient space, i.e. Minkowski space (with zero flag curvature), and Funk spaces (with negative constant flag curvature), we classified the isoparametric hypersurfaces in them. For ambient space with positive constant flag curvature, the author considered the (non-Riemannian) Randers sphere of constant flag curvature for the ambient space, and studied a special class of isoparametric hypersurfaces in them, including all the homogeneous cases [9] .
In [6] , we had proved that in a Finsler manifold with constant flag curvature and constant S-curvature, a transnormal function is isoparametric if and only if its every regular level surface has constant principal curvatures. So in this paper, we consider isoparametric hypersurfaces in Finsler space forms with constant S-curvature. From now on, we denote an n-dimension Finsler space form of constant flag curvature c and constant S-curvature µ 0 with respect to a given volume form dµ by
Firstly, we introduce the principal curvatures of anisotropic submanifolds and by using the theories of geodesic and Jacobi field, we study the theory of focal points, tubes and parallel hypersurfaces in Finsler space forms. We prove that in N n (c, µ 0 ), a complete, connected and oriented hypersurface is isoparametric if and only if it has constant principal curvatures. Moreover, by using the theories of focal manifolds, we derive Cartan formula and thus get some classifications of isoparametric hypersurfaces in (N n (c, µ 0 ), F, dµ) with vanishing reversible torsion (see Definition 2.1 for detail), i.e.
with vanishing reversible torsion. Then each focal submanifold S i of M is anisotropic-minimal in (N n (c, µ 0 ), F, dµ) and all distinct principal curvatures of M, λ 1 , λ 2 , · · · , λ g , satisfy the following formula
where m i is the multiplicity of λ i . Theorem 1.2. Let M be a connected isoparametric hypersurface in a Finsler space form (N n (c, µ 0 ), F, dµ)
with vanishing reversible torsion. If c ≤ 0, then M has two distinct principal curvatures at most; If c > 0, we suppose M has g distinct principal curvatures λ i = √ c cot θ i , 0 < θ 1 < · · · < θ g < π, with respective multiplicities m i , then 4) and multiplicities satisfy m i = m i+2 (subscripts mod g), besides, for any point x ∈ M, there are 2g focal points of (M, x) at least along every normal geodesic to M through x, and they are evenly distributed at intervals of length
Unlike that on Euclidean sphere S n , in a Finsler space form of positive constant flag curvature, the geodesics are not necessarily closed, so the number of the focal points of (M, x) along every normal geodesic to M through x may be more than 2g. And in general, if M is an isoparametric hypersurface of (N, F ) with respect to the normal vector n, it is not necessarily isoparametric with respect to the normal vector n − . But if F has vanishing reversible torsion, that is true. In this case, there are probably two different normal geodesics through point x ∈ M. Everyone has the characters described in Theorem 1.2. Remark 1.4. If F is reversible, then T η (X) = 0 always holds. Moreover, any Randers metric F with the navigation data (h, W ), if the S-curvature S = 0, or equivalently W is a Killing vector, then T η (X) = 0 also always holds(see section 4 for detail). In fact, there are a large number nontrivial Randers space forms satisfying the condition in Theorem1.1 and Theorem1.2. Randers metrics are nonreversible and play a fundamental role in the Finsler geometry. Until now, the most known examples of Finsler space forms with non-zero flag curvature are Randers space forms. Theorem 1.5. Let M be a isoparametric hypersurface in a Randers space form (N, F, dµ BH ) with navigation data (h, W ). If W is a Killing vector, then the conclusions of Theorem1.1 and Theorem1.2 hold.
The contents of this paper is organized as follows. In section 2, some fundamental concepts and formulas which are necessary for the present paper are given. In section 3, the definitions of the anisotropic mean curvature and the focal point of a submanifold in a Finsler manifold are given, and some theories of focal points, tubes and parallel hypersurfaces in Finsler geometry are founded. In section 4, isoparametric hypersurfaces in Finsler space form are discussed, and we derive Cartan formula in Finsler space forms with vanishing reversible torsion and give some classification on the number of distinct principal curvatures and their multiplicities for an isoparametric hypersurface. In section 5, we consider the reversible torsion of Randers space with vanishing S-curvature under the navigation process and thus derive some classification of isoparametric hypersurface in Randers space forms.
Preliminaries
Let (N, F ) be an n-dimensional oriented smooth Finsler manifold and T N be the tangent bundle over N with local coordinates (x, y), where
The fundamental form g of (N, F ) is given by
Here and from now on, we will use the following convention of index ranges unless other stated:
The projection π : T N −→N gives rise to the pull-back bundle π * T N and its dual bundle π * T * N over T N\0. Recall that on the pull-back bundle π * T N there exists the unique Chern
where
jk|l y l is the Landsberg curvature of (N, F ). Thus, the curvature 2-forms of the Berwald connection ∇ are
The flag curvature tensor can be written as
where ℓ is the vector field dual to the Hilbert form
satisfying g ij V i V j = 1 and g ij y i V j = 0, the flag curvature and the Ricci curvature for (N, F ) are defined respectively by
Let X = X i ∂ ∂x i be a differentiable vector field. Then the covariant derivatives of X along v = v i ∂ ∂x i ∈ T x N with respect to a reference vector w ∈ T x N\0 for the Berwald connection are defined respectively by
for all λ > 0, y ∈ T N and (see [10] )
Definition 2.1. Let x ∈ N, η be a unit vector field in the neighbourhood of x and X ∈ T x N satisfying g η (η, X) = 0. Set
We call T η (X) the reversible torsion of η along the vector X at point x in (N, F ).
For a smooth function f :
Then the divergence of a smooth vector field V = V i ∂ ∂x i on N with respect to the volume
Thus, the Finsler-Laplacian of f is defined by
3 Anisotropic-minimal submanifolds of a Finsler manifold
Anisotropic mean curvature
Let (N, F ) be an n-dimensional Finsler manifold and φ :
Then N M ⊂ T N. For ∀n ∈ N M, ∀λ > 0 and ∀X ∈ Γ(T M), we have λn ∈ N M and g n (n, X) = 0. So we call n ∈ N M the normal vector of M. We also call N M the normal bundle of φ or M. But in general, it is not a vector bundle. We call {(M, g n )|n ∈ N M} an anisotropic submanifold of (N, F ) to distinguish it from an isometric immersion submanifold
Moreover, denote the unit normal bundle by
by following Weingarten formula
Then it is easy to prove that
The eigenvalues of
λ i are called the principal curvatures and the anisotropic mean curvature with respect to n, respectively. If for any n ∈ N M, λ 1 = λ 2 = · · · = λ m , we call M is anisotropic-totally umbilic. If for any n ∈ N M,Ĥ n = 0, we call M is an anisotropic-minimal submanifold of (N, F ).
Anisotropic hypersurfaces in Finsler space form
Let (N, F ) be an n-dimensional oriented smooth Finsler space form with constant flag curvature K = c and φ : M → N be an embedded hypersurface of (N, F ). For any x ∈ M, there exist exactly two unit normal vectors n and n − .
Let n be a given unit normal vector of M and setĝ = f * g n . From [8] , we have the following Guass-Weigngarten formula with respect to g n for the Berwald connection
is called the second fundamental form and b∇ is a torsion-free linear connection on M and satisfies
Lemma 3.1. For the induced connection b∇ on hypersurfaces of a Finsler space form N(c),
Proof. Recall that the Codazzi equation of hypersurfaces of a general Finsler manifold is
From [11] (p.79), we have
for any X, Y, Z, W ∈ Γ(T M). On the other hand, define
Using equation (3.9), (3.5), (3.6) and (3.12), we have
Similarly, we have
Substituting (3.13) and (3.14) into (3.8), and using (3.11), we can obtain (3.7).
We know that the Weingarten operator A n is symmetric. However, b∇ X A n is not symmetric.
Lemma 3.2. For any vector fields
Proof. For vector fields X, Y and Z on M, we have 16) and thusĝ
for all vectors Z tangent to M. Using equations (3.12) and (3.17) and the symmetry of A n , we computê
Focal points
Let φ : M → N(c) be an embedded anisotropic submanifold into a Finsler space form. Let exp : T N → N be the exponential map of N. The normal exponential map
is the restriction of the exponential map of N to N M. Thus, if n ia a nonzero normal vector to φ(M) at x, then E(x, n) is the point of N reached by traversing a distance F (n) along the geodesic in N with initial point x and initial tangent vector n. If n is the zero vector in the tangent space to N at x, then E(x, n) is the point x.
Definition 3.3. The focal points of M are the critical values of the normal exponential map E. Specifically, a point p ∈ N is called a focal point of (M, x) of multiplicity m if p = E(x, n) and the differential E * at the point (x, n) has nullity m > 0.
Definition 3.4. The focal set of M is the set of all focal points of (M, x) for all x ∈ M.
Since V(M) and N have the same dimension and there is a smooth diffeomorphism from V(M)\{0} to N M, it follows from Sard's Theorem (see, for example, [12] p.33) that the focal set of M has measure zero in N.
We now assume that n is a unit length normal vector to φ(M) at a point x.
is the normal exponential map of N, where s ≥ 0. Then E(x, sn) is the point of N reached by traversing a distance s along the geodesic in N with initial point x and initial tangent vector n. Fix x 0 ∈ φ(M), let U be a coordinate neighborhood of x 0 in φ(M) and x = x(t) is a curve in U such that
We consider the smooth variation of the geodesic γ = γ(s) = E(x 0 , sn(x 0 )):
We have
and
For any fixed t, Φ(s, t) is a geodesic in N, then J(s) is a Jacobi field along geodesic γ(s). Note that N is of constant flag curvature, from the property of Jacobi field ( [11] p.129-137,251-255), we have and E i (s) is parallel vector field along γ(s) satisfying g T (E i , T ) = 0, i = 1, 2.
The following lemma gives the location of the focal points of (M, x) along the geodesic E(x, sn) for s ∈ R, in terms of the eigenvalues of the shape operator A n at x.
Lemma 3.5. Let φ : M m → N n be a anisotropic submanifold of a Finsler space form (N n , F ) with constant flag curvature c, and let n be a unit normal vector to φ(M m ) at x.
Then p = E(x, sn) is a focal point of (M m , x) of multiplicity m > 0 if and only if there is an eigenvalue λ of the shape operator A n of multiplicity m such that
Because of g T (T, E i ) = 0, we have
Since E i (s) are parallel along the geodesic, their angle and length are constant along the geodesic. Therefore we have 
Then by Weingarten formula,
X, we complete the proof. 
Tubes and Parallel Hypersurfaces
As above, let φ : M m → N n (c) be an immersion into a Finsler space form.
Definition 3.7. If the codimension (n-m) is greater than one, then we define the tube of radius s > 0 over M by the map φ s :
If (x, sn) is not a critical point of E, then φ s is an immersion in a neighborhood of (x, sn)
in N 0 M. It follows from Lemma 3.5 that given any x ∈ φ(M), there is a neighborhood U of x in φ(M) such that for all s > 0 sufficiently small, the restriction of φ s to N 0 U over U is an immersion onto an (n − 1)-dimensional manifold M s , which is a geometrically a tube of radius s over U. If M is a hypersurface, i.e. m = n − 1, then N 0 M is a double covering of M. In that case, for local calculations, we can assume M is orientable with a local field of unit normal vector n.
Definition 3.8. The parallel hypersurface is given by the map φ s : M → N,
34)
for s ∈ R.
Remark 3.9. Note that s can take any real value in this case. For s = 0, we have M 0 = φ(M), the original hypersurface. For a negative value of s, M s = φ s (M) lies locally on the side of M in the direction of −n, instead of on the side of M in the direction of n. But it must be noted that −n may be not the normal of M in a Finsler manifold. So M s may be not parallel to M in the direction of −n. In fact, M is parallel to M s in the direction of n, or in other words, M s is parallel to M in the direction of −n with respect to the reverse metric ← − F (y) = F (−y). Nevertheless, we also call M s the parallel hypersurface for convenience. 
where s c (s) is defined by (3.23).
Proof. While M s is a hypersurface of (N, F ), we donote the shape operator of M at the point x and M s at the point E(x, sn) by A n and A s respectively.
As in the preceding subsection, let γ(s) = E(x, sn), s ≥ 0, which is a geodesic in N. For any given 1 ≤ a ≤ m, let X be the principal vector of A n with respect to λ a . We consider the smooth variation of γ:
where x(t) ∈ M(−ε < t < ε), such that x(0) = x,ẋ(0) = X. While φ s (x(t)) = Φ(t, s) is a curve on M s , we have
Using (3.37) and the first equation of (3.22), we get
On the other hand, from the second and third equation of (3.22), we have
which show E 2 (0) = −λ i E 1 (0). Since E i (s) is parallel vector field along the geodesic γ(s), from the property of parallel vector field, we know that 
By Gauss Lemma, T (s, t) = φ s * T (0, t) = φ s * n(x(t)) is also the unit normal vector field of M s . From (3.30), we know
Hence by Weingarten formula,
Since φ s (x, n) is not the focal point of (M, x), from (3.24), we know that s
which show φ s * X is the eigenvector of A s with the principal curvature
Similarly, we consider the smooth variation of γ Φ(t, s) = E(x, sσ(t)).
While φ s (σ(t)) = Φ(t, s) is a curve on M s , the variation vector field J(s) satisfies
On the other hand, since J(s) is a Jacobi field along geodesic γ, we have from (3.44)
where E(s) is parallel vector field along γ(s), g T (E, T ) = 0. From (3.44) and (3.45), we obtain that
Thus we have
Isoparametric Hypersurfaces in Finsler space form
Let f be a non-constant C 1 function defined on a Finsler manifold (N, F ) and smooth on
. f is said to be an isoparametric function on (N, F, dµ) if there is a smooth function a(t) and a continuous functionb(t) defined on J such that
hold on N f . All the regular level surfaces M t = f −1 (t) form an isoparametric family, each of which is called an isoparametric hypersurface in (N, F, dµ) . A function f only satisfying the first equation of (4.1) is said to be transnormal.
The integrability of principal foliations
Let M be an isoparametric hypersurface in a Finsler space form N(c). Suppose that λ and µ are the constant principal curvatures with corresponding principal foliations V λ and V µ . If X ∈ V λ and Y ∈ V µ , then from (3.12), one easily verifies that
for any vector Z ∈ T M.
Lemma 4.1. Let (M,ĝ) be an isoparametric hypersurface in a Finsler space form N n of constant flag curvature c. For all principal curvaturs λ, µ, we have
Proof. Let X and Y be in V λ and Z ∈ V µ for µ = λ.
(1). By the Codazzi equation (3.7) and (4.2),
So we haveĝ( 
The geometric definition of isoparametric hypersurfaces
At the beginning of this section, we give the analytic definition of an isoparametric family of hypersurfaces in terms of level sets of an isoparametric function. Here, we will characterize isoparametric hypersurfaces in a geometric way. Proof. Let N n (c) be a Finsler space form. From [6] , the necessity is obvious.
Conversely, let M ⊂ N be a connected, oriented hypersurfaces with unit normal vector field n and constant principal curvatures. We only need to prove it is a level hypersurface of an isoparametric function f . For any given p ∈ N any x ∈ M, define the distance function ρ(x) = ρ(x, p) (or ρ(x) = ρ(p, x) if necessary), then there exists x 0 ∈ M such that s 0 = ρ(x 0 ) = inf x∈M ρ(x). Since N is forward complete and connected, there exists a minimal geodesic γ : [0,
Then from the first variation formula of the arc length,
If M has constant principal curvatures, then from Lemma 3.10, φ s : M −→ N n is a family of parallel hypersurfaces with constant principal curvatures such that φ 0 M = M. f is smooth on N except at the focal points of M and F (∇f ) = 1. Then f satisfies (4.1), that is, f is an transnormal function and its every regular level surface has constant principal curvatures. By [6] , f is isoparametric.
Similar to Riemannian geometry, for isoparametric hypersurfaces in Finsler space, we can adopt the following geometric definition. 
4.3
The reverse metric Conversely, F can be regarded as the reverse metric of ← − F , so we have analogous proof.
Furthermore, let N be a level surface of f , then n = ∇f F (∇f )
are the unit normal vector fields of M with respect to F and ← − F respectively. For any X ∈ T x N, and x ∈ N, we have 10) where D and ← − D denote the connections about F and ← − F respectively. Then using D n X n = −A n X = −λX, we complete the proof.
Focal submanifold
As in the Riemannian case, we can give a manifold structure to a sheet of the focal set of an isoparametric hypersurface in a Finsler space form corresponding to a principal curvature of constant multiplicity.
Definition 4.5. If the sheet of the focal set is endowed with a manifold structure, we call it focal submanifold.
Let M be a connected, oriented isoparametric hypersurface in (N n (c, µ 0 ), F, dµ) with unit normal vector field n and g distinct constant principal curvatures as
We denote the multiplicity and corresponding principal foliation of λ i by m i and V i , then m 1 + m i + · · · + m g = m = n − 1. From Lemma 3.5 and (3.41), if S is a focal submanifold of M, then there exists s i = s(λ i , c) such that 
Proof. Let n is the unit normal vector field of M. From Lemma 4.4 and Lemma 3.10, we know that in (N, ← − F ), M with respect to −n is the tube over S i . Then for any unit normal vector η at every point p ∈ S i with respect to F , −η is a unit normal vector at p ∈ S i with respect to ← − F and there exists a point x ∈ M such that x = ← − φ s i (p) and −n(x) = ← − φ s i * (−η). Thus we have p = φ s i (x) and η = φ s i * n(x). By the proof of Lemma 3.10, we know that even at the focal point of (M,
Hence by Weingarten formula and (4.13),
where 1 ≤ i, j ≤ g. Using (4.12), (4.13) and (3.23), we can get our conclusion. If M ⊂ N n (c, µ 0 ) is an isoparametric hypersurface with respect to the normal vector n, then M is also an isoparametric hypersurface with respect to the normal vector n − and the principal curvatures are all actually opposite.
Proof. Since
So if the principal curvatures of M with respect to the normal vector n are constant, then the principal curvatures with respect to the normal vector n − are also constant. From Theorem 4.2, we get our conclusion. Proof. Let η be a unit normal vector to a focal submanifold S i of M. Then η − is also a unit normal vector to S i and there exist two points
. By Lemma 4.6, the shape operators A η and A η − have the same eigenvalues with the same multiplicities. So
On the other hand, since
so from (4.14), ∀X ∈ T p S i , we have
Hence trA η = 0. Since this is true for all unit normal vectors η, we conclude that S i is a anisotropic-minimal submanifold in N n (c, µ 0 ).
Cartan formula
Theorem 4.9. (Cartan formula) Let M ⊂ N n (c, µ 0 ) be a connected isoparametric hypersurface with g distinct principal curvatures
with respective multiplicities of m i . If the reversible torsion of (N n (c, µ 0 ), F, dµ) vanishes, then for each i, 1 ≤ i ≤ g, the following formula holds
Proof. We will show that for each i and for any unit normal η on the focal submanifold S i , the left side of equation ( 
Proof of Theorem 1.2
Proof. In the case c ≤ 0, from Cartan formula, we get the result. In the case c > 0, by (4.12) and (3.23), we suppose M has g distinct principal curvatures
= √ c cot θ i , 0 < θ 1 < · · · < θ g < π, with respective multiplicities m i and θ i = √ cs i (or θ i = √ cs i + π). If g = 1, then the theorem is trivially true, so we now consider g = 2. Let S 1 be the focal submanifold corresponding to λ 1 = √ c cot θ 1 . By Lemma 4.6, the principal curvature
of the shape operator A η is the same for every choice of unit normal η at every point p ∈ S 1 . Since A η − = −A η , this says that
that is cot(θ 2 − θ 1 ) = − cot(θ 2 − θ 1 ).
Thus, cot(θ 2 − θ 1 ) = 0, so θ 2 − θ 1 = π 2 as disired in (1.4). In the case g = 2, there is no restriction on the multiplicities. Next we consider the case g ≥ 3. For a fixed value of i, 1 ≤ i ≤ g, let S i be the focal submanifold corresponding to λ i = √ c cot θ i . By Lemma 4.6, the set of principal curvatures of the shape operator A η ,
is the same for every choice of unit normal η at every point p ∈ S i . Since A η − = −A η , this says that for a given i, the two sets where λ = 1 − W Proof. Let x ∈ N, η be a unit vector field in the neighbourhood of x and X ∈ T x N satisfying g η (η, X) = 0. Set ξ = Lη. In this case, ξ(X) = 0, that is, F y j (η)X j = 0 and F y j (η − )X j = 0.
From (2.5), we know
By ( 
